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Abstract 

In this paper we establish a log log-type estimate which shows that in dimension n > 3 the mag- 
netic field and the electric potential of the magnetic Schrodinger equation depends stably on the 
Dirichlet to Neumann (DN) map even when the boundary measurement is taken only on a subset 
that is slightly larger than half of the boundary dQ. Furthermore, we prove that in the case when 
the measurement is taken on all of dQ one can establish a better estimate that is of log-type. The 
proofs involve the use of the complex geometric optics (CGO) solutions of the magnetic Schrodinger 
equation constructed in jSj then follow a similar line of argument as in pQ. In the partial data es- 
timate we follow the general strategy of by using the Carleman estimate established in |3] and 
a continuous dependence result for analytic continuation developed in jl4j . 



1 Introduction 

Throughout this article we assume that the dimension n > 3. Let ft C M" be an open bounded 
set with C°° boundary, we are interested in the magnetic Schrodinger operator 

Hw,g := + W ■ D + D -W + + q 

with real vector valued magnetic potential W £ 1F^'°°(0, M"') and the bounded electric potential 
q £ L°°(r2). As usual, D := — iV. For simplicity, we assume throughout that for all {W,q) under 
consideration is not an eigenvalue of the operator Hw^q : H'^iQ.) n Hq{Q.) Lp'{Q). 
Let V be the unit outer normal. Under the present assumptions, the Dirichlet problem 

Hw,qU = u \qq= f 

has a unique solution in H^{Q), and we can introduce the Dirichlet to Neumann (DN) map Aiy,q : 
H'^/'^idfl) F-V2(f7) associated with the magnetic Schrodinger operator Hw^q by 

Aiy,q : f ^ (du + iW ■ v)u 
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The inverse problem under consideration is to recover information about the magnetic and electric 
potential from the DN map measured on a subset of the boundary. 

In the absence of the magnetic potential, the identifiability problem was solved by |7j for when 
the measurement is taken on the whole boundary. Recently, Kenig-Sjostrand-Uhlmann in ^ showed 
that the same result holds even if the measurement is taken on possibly a very small subset of the 
boundary. The issue of stability without the magnetic potential was first addressed by Alessandrini 
in for the full data problem and later by Heck- Wang |2] when the data is measured on a subset 
that is slightly larger than half of the boundary. 

In the presence of a magnetic potential, it was noted in 11 that the DN map is gauge invariant. 
Namely, given any V G C'^{n) with V \dn= 0, one has Ai4/+vp,g = ^w,q- Therefore, the magnetic 
potential is not uniquely determined by Aw^q. However, as was shown in the magnetic field 
dW and electric potential q are uniquely determined even if the measurement is taken only on a 
small part of the boundary. Furthermore, recently in P| a method was given for reconstructing the 
magnetic field and electric potential under some regularity assumptions on the magnetic potential. 

Following the above identifiability and reconstruction results, it is natural to ask whether small 
perturbations in the DN map would lead to small changes in the dW and q determined by A.w,q- This 
paper establishes a log log-type stability estimate for dW and q in the case when the measurement 
is taken only on a chosen subset of dO,. In the process we will also show that if one has full data 
measurements, the result can be improved to a log-type estimate. As mentioned before, when 
the magnetic potential is absent, the full and partial data estimates are established in and [3] 
respectively by using complex geometric optics (CGO) solutions to the Schrodinger equation that 
approximate plane waves. We follow a similar strategy except that in the presence of the magnetic 
field we need to use a richer set of CGO solutions studied in [S] and 

This article is organized into three parts. In part I we need to prove some fine properties of the 
CGO solutions that were not considered in previous studies. This is because the existing theory 
in |Hj and [0] are sufficient for identifiability and reconstruction results but a slightly more refined 
understand is necessary for establishing stability. The difficult issue is the following. Given an 
M>0, R > p > n we consider the family of compactly supported vector fields 

W{M,R) := {W E VF^'P(M'';M") | ||VF||vki.p < M, \\divW\\Lo- < M and supp{W) C Br} 

and the family of compactly supported electric potentials 

Q{M,R) := {g G I Mloo < M,supp{q) C Br} 

In order to prove stability, we need to show that the CGO solutions to the equation Hw^gU = has 
remainder decaying uniformly for all W £ W{M,R), q £ Q{M,R). More precisely. 

Proposition 1.1 Let gq, 6 be positive numbers satisfying gq+O < j^^qrg • For all M > and R> 

there exists constants C > 0, fiQ > 0, and e > depending on dimension, p, oq, 9, M and R only 
such that for all {W,q) G W(M,i?) x Q{M,R), ( G C" with C • C = and |C| > ^, there exists 
solutions to Hw,qU = in M" of the form 

u{x, C) = e'<--{e'^\ci^' + r(x, 0), M; C)|| m < ClCt^ t G [0, 2] 

o 

where ip'^ is defined by 

^ ' 2^|C| h2 yi + iy2 
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Here X|f| = x{x/\C\ ) with x{^) being a smooth function supported in the unit ball and is 1 near 
zero, and is the convolution of W with the mollifier defined by 

wHx) = j \Qr''x{y\Cr)W{x-y)dy 

In part II, we use the CGO solutions constructed above to prove stability for the full data 
problem. The computation for the magnetic field stability is analogous to the one given for the 
electric potential in ^ combined with some ideas in [2]. 

Theorem 1.1 Let Q be a bounded open subset o/M" with smooth boundary. For all M > 0, there 
exists a C > 0, e > such that the estimate 

\\Ind{Wl -W2)\\h-^R") < C{\\Awi,qi - Aw2,q2\\^l^::± + \^Og\\Awi,qi -^W2,q2h ^ T'} 

2 ' 2 2 ' 2 

holds for all Wi,W2 G and qi,q2 G L°°{n) satisfying < M, WqiUoo^n) < M 

(I = 1,2) and Wi = W2 on dQ. Here Iq{x) is the indicator function of VL. 

The estimate for the electric potentials, however, is slightly more involved. Unlike the identifiability 
results in |H] and the above theorem does not make the first order terms in the magnetic 
Schrodinger equation vanish. Therefore, complications would arise when one tries to establish the 
estimate for the (lower order) electric potentials in the presence of the (higher order) magnetic fields. 
To remedy this difficulty, we first show by using the Hodge decomposition that the d operator on 
differential forms is in some sense "bounded invertible" when restricted to the right subspaces. 
Then we will combine this fact with the estimate we have for diyVi — W2) to obtain the estimate 
for the electric potentials. 

Theorem 1.2 Let Q be a bounded open subset o/R" with smooth boundary. For all M > 0, there 
exists a C > 0, e > such that the estimate 

1/2 e 
2 ' 2 2 ' 2 

holds for all Wi,W2 G W^'^^i^) and qi,q2 G L°°(ri) satisfying ||W;||t^2,oo(Q) < M, \\qi\\Lo^(^n) < M 
(1 = 1,2) and Wi \d= W2 \d on dQ. 

In part III we assume knowledge of the DN map on a subset of dQ that is only slightly larger than 
half of the boundary and prove a stability result that is weaker than the ones above. To give a 
precise statement of the theorems would require more defintions and therefore they will be stated 
in the introduction section of part III. The proof follows the idea employed in [Sj where one uses 
a Carleman estimate that is established in j3| to help suppress the missing piece of information 
and obtain an estimate for the difference of the Fourier transform on a wedge in phase space. To 
extend the estimate from the wedge to a ball we will use a continuous dependence result for analytic 
continuation developed in After this is established, the stability result for the magnetic field 
and electric potential would follow by similar calculations done in part II. 
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PART I - Fine Properties of CGO Solution 



2 Properties of Transport Equations 

To establish stability we will need to construct complex geometric optics (CGO) solutions to 
H\Yi,qiUi = that are of the form 

= e<'-"(e'>^lci^?+n(rE,|Cl)) 
where (i ■ Q = and (pj satisfies the transport equation 

• V^l = w • wl 

here /i; G C" is defined by Q = ^/"i and Wi is the convolution of Wi with a mollifier. In this 

section we will collect some properties regarding how depends on Wi and the unit vector fii. 
Throughout this article we will denote by A'^^^ to be the inverse of the operator fi ■ V. More 
precisely, 



27r Jr2 yi + ty2 

for all / E L^(IR"). The general properties of this operator is summarized in the following two 
lemmas which we will state without proof. Interested reader can see 0. 

Lemma 2.1 Let f e wl;''^{n) with f = for \x\ > R. Then u = N-^f G W'''^{W) solves the 
equation fi ■ Vn = f in M" and satisfies for all multi-index \a\ < k 

where xt is the projection of x to the plane T = span{Re{ii) , Im{ii)} , x± = x — xt and Ib^ is the 
indicator function of the ball of radius R around 0. 

Sometimes we need a version of lemma I^TTl where / and fi depend on a parameter. Let V C be 
an open set and let 7j(^) {j = 1, 2) be a C°° function of ^ G ^ which satisfy 

l-e< l7i(e)l <l + e, |7i(0- 72(01 <e 
and also |9"7j(C)| < Mi for |a| > 1. 

Lemma 2.2 Let e > be small enough and let f{x,^) G C°°{R^ x V) satisfy f{x,S) = for 
\x\ > R. Then the function 

If 1 

u{x,C) = — / — -—f{x-yiii{C)-y2i2{€),€)dyidy2 

2vr J^-n yi + ty2 

is in C°°(M" x V) solves (71(0 + 72(0) • ^xU = f inW and satisfies 

|7+5|<I"+/3| 

where xt is the projection of x to the plane T = span{'yi{S^) , ^2(0} '^''^d x± = x — xt 
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In proving stability we will be interested in the dependence of the N~^{—n ■ W) on the parameter 
^. The next lemma states that the dependence is continuous provided that W behaves reasonably 
well. 

Lemma 2.3 Let W £ Cc'\n) with \\W\\^o,t^^^ < M. For any ^i,//2 G 5"""^ + iS""^ such that 
Re{^l) _L Im{^i) for / = 1, 2 we have the following estimate 

and the constant depends only on the size of Cl and is uniform for all \\W\\^o,t^^s^ < M. 
Proof 

Since W is supported in the bounded set and Im{^i) _L Re{fii), we have that there exists an 
R > such that W{x — Re{fii)yi — Im{fii)y2) = for all x £ Cl and \yiei + 2/262! > R- Therefore 
we have for all x G O 

■ W)ix) - N-^\-f,2 ■ W{x))\ 
I f fi2- W{x - Re{p,2)yi - I'm{fi2)y2) - fJ-i ■ W{x - Re{iii)yi - /m(^i)y2) 



01/ , ■ dyidy2\ 

f 1/^2 - /^2|||W^||l°° + \\W\\(jo,trQ){\Re{fii - /U2)yi| + \Im{ni - ^2)^2!)* 

< C / — dyidy2 

< CRlfli- fJ.2\\\W\\L^ +Cfl2||VK||^0,t(f^)|M2 -^2|* 

So we have \\N^^^{-fii ■ W) - N~^{-^2 ■ W^)llLoo(f^) < C|/Ui - ^2!* as desired. □ 

Combining lemma 12.31 and lemma 12.11 we have the following corollary which will be useful later 
on. 

Corollary 2.4 Under the same hypothesis as lemma. WrU we have the following estimate on the 
exponential 

where C > depends only on the size of and M . 
Proof 

By lemma im there exists an M' such that ||A'^^^(— ^- VF)||ioo(Q) < M' whenever ||VF||/,oo(s^) < M. 
Since the map z 1— > e*^ is Lipchitz in the closure of the ball B^i C C, we have that 

|gi7V-i{-Mi.H/)(x) _ ^.N^^{-t,^-w){x)^ < C(M')|iV-/(-^i • W){x) - N^^\-fi2 ■ W){x)\ 

for all x £ Q. Now apply lemma we have the desired estimate for the exponential. □ 

Let r/e be the standard mollifier and denote by VF" = rj^ * W. The next lemma tells us how well 
^iN- {-^,■w») approximates e*^M '(-m-m^). 

Lemma 2.5 Let W G Cc' with \\W\\ 

c'''*(n-R") — ' have the following estimate 
||gi7V-i(-^.H/«) _ < Ce^c^'Me' 

for all fx G S"^^"^ + iS^^^ with orthonormal unit real and imaginary part. 
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Proof 

Pick R > large enough such that for all x £ il. W{x — yiRe{fi) — y2lm{^)) = whenever 
\vie-i + 2/262! > R- Then we have for all x G il, 

^^^N-\-^.■W^){x) _ ^^N-\-^.■W){.)^ < e2M|^-l(_^ . _ ■ W)\ 



\iW^ - W)ix - ylRe{^l) - j/2/m(^))| 

Br \yi+W2\ 
1 



Br m +W2\ 



so the lemma is complete. □ 

The following result on nonlinear Fourier transform was used by Salo [2] in reconstruction methods. 
We will repeat it here for convenience of the reader. Similar ideas appear in Sun and Eskin- 
Ralston |2j 

Lemma 2.6 Assume that 7 _L 7 _L ^ with 7,7 G 5"^^ and define ^ = 7 + i'^. Define ^{x) := 
N^^{—fj. ■ W) with vector field W E L^. Then we have the following identity for the nonlinear 
Fourier transform: 

[ /i- W«-V*(^)dx = / fi-We'^-''dx 

Proof 

Without loss of generality, we can assume that fi = ei + ie2 since the general case can be reduced to 
this case via an orthonormal linear transform. With this choice of ^, ^ = (0,0,^') with ^' G M""^. 



[ W{x)- ne'^-^e'^^^Ux= [ i-{^l+i^2)<^>{x))e'^^e'^'■'''dx= [ 
Jr" Jr" Jm 



hix')dx' 

n-2 



where 



h{x') = if (5i +i52)e^*(^i'^2'^')dxidx2 = lim i / (^i + i92)e^*(^i'^^'^')dxidx2 

Jr2 -R^oo J 

\xiei+X2e2\<R 

lim / e^*(^i'^2'^')(z/i +ii^2)d5(xi,X2) 

R—*oo J 



R- 



\xiei+X2e2\=R 



When \xiei + ^262! gets large, e**(^'i'^2y) = 1 + + C)(|$p) = 1 + i$ + 0(|xiei + X2e2r^) by 
lemma Fi. II so 

i lim [ e**(^i'^2y)(j,^ = - lim / <i>{xu X2, x'){i^i + ii^2)dS 

R^oo J _R— >oo J 

\xiei+X2e2\=R \xiei+X2e2\=R 

{di + id2)^{xi, X2, x')dxidx2 



'\xiei+X2e2\<R 

/ /i • VF(xi, X2, x')dxi(ix2 

J \xiei+X2e2\<R 



and the proof is complete. □ 
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3 Semiclassical pseudodifFerential calculus 



The results which appear in [Hj , , and [H] rely on solutions to Hw^gU = that are of the form 

n(x,C) =e^-^(e*^ici'^" +r(x,C)) 

where (p is the solution of some transport equation and r{x, C) satisfies 

\\r{;C)\\Hl<C{W,q)\Cr^ tG [0,2] 

The situation in establishing stability is more delicate, however, since one considers a family of mag- 
netic and electric potentials satisfying certain a-priori estimates. Therefore, more care is needed if 
we wish to establish a stability estimate that is uniform for all magnetic potentials under consid- 
eration. In particular, we need to ensure that the constant C which appears in the above estimate 
for the remainder term r{x, C,) is uniformly bounded for all W satisfying our a-priori assumption. It 
is with this in mind that we develop some explicit estimates for semi-classical ^DO in terms of its 
symbols. Most of the results in this section are well know but we will nevertheless include proofs 
or exact references for completeness. All integration of symbols against complex exponentials are 
understood to be oscillatory integrals (see ^21 )• We begin with a fundamental result which gives a 
sharp estimate on the operator norm of the ^DO by its symbol: 

Proposition 3.1 (Calderon-Vaillancourt) There exists a k[n) £ N depending on dimension o/M" 
only such that for all semiclassical symbols a{x,^; h) € with < o" < 1/2, the following estimate 
on ||Op/j(a)||i2(ign)^^2(iB>„) holds for all < h < I 

l|OPh(a)llL2(R"HL2{R") < (2vr)""||e||Ti?^ Pa A"-) 

\a\,\f3\<Hn) 

where p"^ is a semi-norm on defined by p'^ Ja) := sup {/i°"'^l"l"'"l^l)|9"5^a(3;, ^; and 

a',CeM",o</i<i 

B is the ^DO of trace class defined by the symbol B{x)B{S,) with =< ^ >~2fe(n) _ 
Proof 

The proposition can be reduced to proving estimates for classical ^DO of symbol order zero. In 
particular, the classical result by Calderon (see for example p. 10 Vol. II of states that for any 
classical symbol a{x, ^) of order zero we have the following estimate for the corresponding operator 
A: 

P^^IIl2{R")^l2(ir") < (2vr)""||^||TR||a(2;,C)llc"={R5,K^) (1) 

Now for all a{x,^; h) G define for each fixed /i > the (classical) symbol ah{x,£,) := a{Vhx, VhS,; h) 
of order zero. Observe that we have the following relationship between the semi-classical quantiza- 
tion Oph{a) and the classical quantization of a/i(x,^): 

{Oph{a)u){x) = Vh ""AhUhix) 

where Uh{x) is defined by its Fourier transform Uh{0 •= ^(^) ^^'^ operator associated 

to the (classical) symbol a/j(x,^). The proposition then follows after some simple calculation by 
applying (P) to A^ and use the fact that a < 1/2. □ 

We will hence forth denote by k{n) to be the smallest integer for which proposition 13. II holds. Now 
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we will derive a result regarding the composition of semi-classical ^DO. It is well known fact that 
if o, 6 G then Oph{b)Oph{b) = Op{ab) + h^^'^'^OphS^. However, we need an explicit estimate of 
the semi-norms of the remainder by the semi-norms of a, b. The next lemma establishes this but is 
only interesting for < cr < j;^- 

Lemma 3.1 Let a{x,(,;h),b{x,^;h) G be semiclassical symbols. We have the identity 

Oph{a)Oph{b) = Oph{c) 

where c G 5° satisfies 

c{x, ^; h) = aix, h)b{x, ^; h) + /i^-'^^^^mlx, ^; h) 
with m{x,$,; h) G S^. Furthermore, the semi-norms of m{x,^;h) satisfies 

|a'M/3'l<l«l + l/3|+2n+3 |a'|,|/3'|<|a| + |^|+2n+3 

The constant Ca,p > depends only on a, (3 and the dimension. 
Proof 

Simple calculation yields that 

Oph{a)Oph{b)u{x) = [ c{xM;h)e'-<uiOd^ 



where 



c{x,^;h) := \ [ [ e '""^ ah{x,rii)bh{y,C)dr]dy 



For the sake of clarity, in this calculation we denote by a/i(x,^) := a(x,^;^). Make change of 
variable y' = y — x 

c{x,^;h) := \ [ [ e*^" 1 ah{x , rj)bh{y' + x , Od^dy 
Taylor formula gives bh{y' + x,$,) = bh{x,$,) + J2 Io{^x^h){x + 6y',^)d0. Substitute this into 

|a|=l 

the above equation we get 

•= tA;^^ I I e'^'^ah{x,ri)ibh{x,0+ E ^'^ [\dMi^ + ^v' ,Ode)drjdy 

|a|=l 

The first term in this can be computed explicitly by using Fourier and inverse Fourier formula. 

1 /' /' A <v',S-V> 



f f • <y' >$—ri> 

t-, u\n I I ^ ah{x,rf){bh{x,^)dridy = b{x,^;h)a{x,^;h) (2) 

The next term will be the remainder which wc will compute as explicitly as possible 
-1— / / e'^'^aUx,v)^y"' [\d^bh){x + ey',Odedrjdy' = ^i-^^^+^Mx, /i) 

|a|=l 
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where m{x,^,]h) is given by the formula 

_i/l(4n+6)<7 

^ (l + |r?|2)n+l(l + |y|2)n+l 

|a|=l 

So c{x,^;h) can be written as a(x, ^; ^; /i) + /i^~(2"+4)(7^|'^^ ^. ^-j^ j|. j-gj-j^^ins to check that 
m{x,^;h) G S"^ and satisfies the seminorm estimates stated in the lemma. Observe that for all 
multi-indices /3, 7, 

sup |/i(l^l+l^l+2"+3)-(/-A,r+i5|afa,"a,(x,ry + €;/i)| < ^ pS,,^,(a) (3) 

a',/3'<|/3|+|7|+2n+3 

and the same holds for b{x, ^; /i). The term involving the Laplacian in y is 

^ ^ (l + |y|2)"+i > 

Taking derivatives of ^^^^y^^-z-jn+i results only in more decay, therefore 

1 S Pa' p' (b) 

j^m+h\+2n+3)a(j _ ^ xn+lg7g/3 { L + ^^V^ QdO ^ «'./3'<|/3|+|7l+2n+3 

^ ^ (X _|_ |y|2~)n+l / — " _|_ |y|2^n+l 

where C„ depends only on the dimension n. Combining the above inequality and ((2)) in addition 
to the fact that ^]^_)_|^p^n+i is integrable in M", we obtain directly from the definition of m{x,^; h) 
that for all multi-indices /3, 7, 



JR" U + \y\ ) 



a',/9'<|/3| + |7l+2n+3 a',/3'<|/3| + |7|+2n+3 

holds for all x,(^ M" and < h < 1 and the constant Cn^-^fi depends only on dimension and 
multi-indices 7, 13. □ 

Given a G 5^ one can define a formal adjoint to Oph{a) in the usual way. It turns out that Oph{a)* 
is also a semi-classical ^DO with symbol denoted by a* G S^. Finer properties of this symbol is 
developed in the next lemma 

Lemma 3.2 Let a £ for a < 1/2. Then Oph{a)* = Oph{a*) with a* G S^. Furthermore, semi- 
norms ofa*{x,(^, h) can be bounded by semi-norms ofa{x,(^, h) in the sense that for all multi-indices 
a, (3 

PaA^*) ^ E Pa',[^'iO') 

|a'M/3'|<|a| + |/3|+2n+2 

with Ca,i3 depending only on the multi-indices and dimension. 
Proof 

For each fixed h > 0, set ah{x, ^) := a{x, h^; h) and define the (classical) pseudo differential operator 

Ahu:= [ e'<'''^>ah{x,OuiOdC = Ophia)u 
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With this notation we have for the formal adjoint Oph{a)* = A^. By the result in classical 
pseudodifferential operator, can be written as 

provided we set 

a*{x,ri;h) = ^^J^y^ j J e'^^ a{x + z,^ - ri;h)d^dz 

It now remains to show that a*{x, r}\ h) G 5^ and that its semi-norms satisfy the desired estimates. 
Taking (7 — /iA)"+^ of the exponential and integrate by parts as in the previous lemma we obtain 



Make 



the change of variable ^' — ^' — ^"^d observing that (7 — /lA^) = (7 — A^') we get 

a [X, ri, tl) 7 7(1 + |^|2)n+l ^-'^ (1 + |^|2)n+l 

The semi-norm estimates now follows by similar arguments used in the previous lemma. □ 
Sometimes it is useful to conjugate Oph{a) with < hD >^ to produce another semi-classical ^DO 
of class Oph{S^). 

Lemma 3.3 Let a G 5°. For \s\ < 3 we have < hD Oph{a) < hD Oph{b) with b e 
and semi-norms of b are bounded by semi-norms of a in the usual sense: 

\a'\,\l3'\<n+3+\a\+\p\ 

Proof Simple computation shows that we can write 

< hD Ophia) < hD fix) = J e'<^'''>b{xM;h)f\Od^ 

provided we take 

^^"^'^'^^ = (2^ / / ^^^""^'^""^ < ^ < C >^ dydn 

We now need to check that b{x,^\ h) does indeed satisfy the desired estimates. Make a change of 
variables and integrate by parts we get that 



1 [ fj<y,v>(r_A p+i <^-V>-'<^>Hl- A,)"+3a(x - hy, 4; h) 

(27r)-yy ^ (l + |7?|2)n+3 (l + |y|2)n+l 



By Peetre inequality, < — rj > *<^>*<<ry>*. Since |s| < 2 this means that ^'^-[^^|'^|2-)n+:f ^ 
(x^|y^p)n+i and is therefore intcgrablc. It is easily seen by straight forward computation (or taking 
the logarithm then differentiate) that for all multi-indices /3 

^V) (l + |^|2)n+3 ^^n,l3 + |r?|2)"+3 
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Using this fact and Peetre inequality one sees that b(x, ^; h) satisfies for all multi-indices a, P, 

\a'\,\l3'\<n+3+\a\ + \l3\ 

□ 

We now derive some weighted space estimates for operators of class Op^S^ 

Lemma 3.4 Let a G 5° with < cr < 1/2. Then Oph{a) is bounded Lj Lj for all \5\ < 2. 

Furthermore, there exists a constant C depending on dimension only such that 

a,/3<fc(n)+2n+4 

for all |5| < 2, < < 1. 
Proof 

li5 = -2, define Tf{x) =< x A{< x >2 /). For / e 5 one has 

Tf{x) = {27r)-^ I e'-<a{x,hO<x >-'{!- Ai:)f{Od^ 
= (27r)-" I {I- A5)(e»-€a(x, hO < x >-^)f{Od^ 

It is easily seen that T is a semi-classical "^DO with symbol a'{x,^;h) G and semi-norms of 
a'(x, ^; h) are bounded by 

l"'M/3'|<|"| + |/3|+2 

Use the above semi-norm estimate and apply proposition 13. II to a' we get the desired estimate for 
5 = —2. To get the estimate for Oph[a) acting on L^, we consider its adjoint Oph{a)* acting on 
L^2- Lemma 13.21 shows that Oph{a)* = Oph{a*) with a* E S'^ satisfying 

|a'M/9'l<|a| + l/9|+2n+2 

Apply the result we already have for 6 = —2 to Oph{a*) = Oph{a)* acting on conjunction 
with the above estimate we get 

\\Oph{arhi^^Ll,<C Y p'^o.A^) 

a,/3<fc(n)+2n+4 

Now an argument using the duality between L\ and gives the estimate for 5 = 2. Using 
interpolation we get the estimate for all 6 £ [—2, 2] □ 

Using this lemma along with lemma 13.31 one can even obtain estimates for operators acting on 
weighted semi-classical sobolev spaces (see for example 

Lemma 3.5 Let a e 5° with < a < 1/2. Then Oph{a) is bounded ^ for all \6\ < 2. 
Furthermore, there exists a constant C such that 

\\OpH{a)\\L2^L2<C Y ^'-./3(«) 

o,/3<A:(n)+2n+4 

for all < 2, |s| < 2 < < 1. 
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Proof 

By lemma the semi-norms for the symbol of < hD >^ A < hD >~'^ can be bounded by 
semi-norms of a. So apply lemma ITU to the Oph{S^) operator < hD >^ A < hD we get 

II < X >'< hD >^ AfU. <C\\<x >'< hD f\\L2 P'^o.A^) 

|a|,|/3|<fc(n)+3n+7 

As shown in |0, there exists a constant depending on dimension only such that the following 
inequality holds for all / G 5 and |(5| < 2 

II < HD >2< X >^ f\\L2 <C\\<x >^< hD >2 /||^2 

Apply this inequality to Af combined with (jlj we get as in jH] 



\\<hD>'^<x>^ f\\L2 < 


C( 


E 


pl,piam\<x>'<hD >2/IIl2) 




l"M/3 


'|<fc(n)H 


~3n+7 


< 




E 








'|<fc(n)H 


~3n+7 |«|<2 


< 




E 






l°M/3 


'|<fc(n)H 


-3n+7 |a|<2 


< 




E 


p-^(a))(|| < /iZ) >2<x>^/||^2) 




l"M/3 


■|<fc(n)H 


-3n+7 


So we have proven the inequality for the case s = 


0,2. Moving to the Fourier side we see that this 


is equivalent to having for all / G 5 


satisfy 







< hC >2< D^>'A< D^ <C{ Pa,/3m\ < hi /IIl2 

|«|,|/3|<fc(n)+3n+7 



\\<D^>' A< D^ f\\L2 <C{ K,/3(«)}II/IIl2 

|a|,|/3|<fc(n)+3n+7 

where Ag := Ag. Interpolate the norm of the operator < D^ >^ A < D^ between the weighted 
spaces < /i^ >^ and < /i^ gives the desired result for all s £ [0,2]. The case of s G [—2,0] can 
be done by similar duality argument used in the previous lemma. □ 

Suppose that a £ S'^ satisfies 1/a G S"^. It is well known that operators Oph{a) associated to such 
symbols are invertible provided /i > is taken to be smaller than some ho > with /iq depending on 
the chosen symbol. The next lemma addresses the question of when the Hq can be taken uniformly 
for a given family of such symbols. More precisely 

Lemma 3.6 For all M > and a < 2n+4 there exists an ho > such that for all symbols a £ 
satisfying 

Y PaA^)<M Y PaAl)<M 

|a|,|/3|<4n+8+fc(n) |a|,|/3|<4n+8+fc(n) 

Oph{a) is invertible on L| for all \5\ < 2 and < h < ho. Furthermore the norm of the inverse is 
uniformly bounded 

\\0ph{a)-'\\L2^L'l<C{M) 
here C{M) depends only on M and the dimension. 
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Proof 

By lemma IITTI Oph (a)Oph (1 /a) = / + h}~^'^^'^^^'^ Oph{m) with m(x,^;/i) G S*^ satisfying the semi- 
norm estimates 

|a'l,l/9'l<|a|+l/3|+2n+4 |Q'|,|/3'|<|a| + |/3|+2n+4 

Combining this and the weighted space estimates of lemma 13.41 we get 

\\Oph{m)\\Li^Ll <C < CM 

a,/3<4n+8+fc(n) 

for all |(5| < 2. Since a < we can pick /iq > such that /iq^^^^+^^'^CM < 1/2. With this 

choice one sees that for all < /i < /iq, {I + /i^~*-^"^^^'^Op/i(m)) is invertible with 

||(J + /,l-(2n+4Vop,(^))-l||^,^^, <2 

for all < 2. So Oph{a) has a right inverse for h < Hq that has norm bounded by C(M). The 
exact same argument applied to Oph{l / a)Oph{a) implies the existence of a left inverse of Oph{a) 
with norm bounded by C(M). So there exists an C > 0, /iq > depending on dimension and M 
only such that Oph{a) is bounded invertible from L| L| with norm \\Oph{a)~^\\i,-i^i^2 < CM 
for all \5\ < 2 and /i < Hq. □ 



4 Properties of Complex Geometric Optic Solutions for Magnetic 
Schrodinger Equation 

Given anM>0, R > p > n consider the family compactly supported vector fields 

W(M,R) := {W G 1^^'P(M";M") | ||H^||vki.p < M, \\dwW\\Loo < M and supp{W) C Br} 

and the family of compactly supported electric potentials 

Q{M,R) := {(7 G I IkllL- < M,supp{q) C Br} 

In this section we show that the CGO solutions to the equation H\Y^qU = has remainder decaying 
uniformly for ah W G >V(M, i?), q £ Q{M,R). More precisely, 

Proposition 4.1 Let (Tq, 9 be positive numbers satisfying aQ+9 < ■ For all M > and R> 

there exists constants C > 0, ho > 0, and e > depending on dimension, p, cjo, 9, M and R only 
such that for all {W,q) £ W{M,R) x Q{M,R), C G C" with C ■ C = and \C\ > there exists 
solutions to Hw^qU = in M" of the form 



u 



(x,C) = e<-(e^>^lci'^"+r(x,|Cl)), \\r{;m\Hl < C\Ct', t e [0,2] 



where is defined by 



r- JUlt/ V2Re(C) ^ImU)- 

„ -V2C f wKx-yi^^-y2^^, 
^ ' 2^|C| h2 yi + iy2 
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Here X|f| = x{x/\C\ ) with x{^) being a smooth function supported in the unit ball and is 1 near 
zero, is the convolution of W with the mollifier defined by 

W\x) = I \Cr"x{y\Cr)W{x-y)dy 

The next subsection proves some facts about the particular semi-classical symbols that we will be 
working with. 

4.1 Semi-Classical Symbols Arising from Magnetic Field 

In this section we define some symbols and prove some estimates for their semi-norms. For the 
motivation of these definitions see If C S satisfies ■ C = 0, then we have C = fi/h with 
h = \/2/|CI aiid = 7i + ^72 where 71,72 G are unit vectors satisfying 71 _L 72. Let (Tq and a 
be positive number satisfying < ctq < o" < and define 6 = a — ao. For a given compactly 

supported magnetic potential W G W(M, R) we decompose W = + where 

wKx) = I j^xi^)W{x-y)dy 

With these notations we define the nonsmooth symbol r(x, ^) = W{x) • + and its smooth 
approximation = • + m)- Notice now that with this definition, 

\d^r\x,0\ < Ca||M^||L-/i"l"l"''(|el + 1) < C^M/i-l^l-^odCI + 1) 

Finally we define the elliptic symbol g(^) = -|- 71)^ — 1 + 2^72 • S,. 
For e > we will consider the neighbourhood 

U{e) = G M" I 1 - e < + 7i| < 1 + e, k • 72I < e} 

and introduce a smooth cutoff ^ with ^ = 1 in U{e/4) and = outside of U{e/'2). Define the 
function 

— 1 /" 1 

wix, (,):=— -^4'iCyHx-yi{^ + li)-y272,0dyidy2 (5) 

2vr yi + iy2 

Then by lemma it is a C°° function that solves 

{i + ^x)■V^w = -i,{i)rHx,i) 

and satisfies the estimates 

\d'^d1w{x,^- h)\ < C^^p^RMh-"°\''+^\ < X >l^l-i (6) 

We see here that w{x,S^; h) is not quite a symbol of class S^^ since it has growth in x if we take 
more than 1 derivatives in ^. To remedy this problem we will introduce another cutoff this time in 
the X variable. Let x be a compactly supported smooth function that is identically 1 in Br and 
define 

<f{x,i) = x{h'^x)w{x,£) 
where 9 = a — ao. With 9 chosen this way © shows that ip satisfies 

\d^d^^ip{x,0\ < Co,,/3,rM < X (7) 
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Therefore and < x > if are in with semi- norms p'^ p{'p) and p{< x > y?), bounded above 
by Ca,i3,RM. Furthermore if we define symbols a, b by 

a = e'^ b = a + 2h^—^^e'^r^ (8) 

then a and b are in with semi-norm estimate 

p''aAb)+P''c.A^)<Ca,p,RMe^ (9) 

Note that although the notation does not explicitly state the dependence of a and b on the given 
magnetic field W, we must keep in mind that there is indeed a nontrivial dependence. The following 
lemma states a "uniform invertibility" result for Oph{o) and Ophib). 

Lemma 4.1 There exists an ho > such that for all W £ W(M, R), the symbol a{x, ^; h) arising 
from W as in ^ has invertible semiclassical quantization Oph{a) for all h < h^. More precisely, 
for all h < ho, Oph{a) is invertible from L'j L'j with norm 

\\OpH{a)-'h^^_L^<CRMe^ 

for all \6\ < 2. The same holds for b{x, ^; h) = a{x, ^; h) + 2/ii^|^e*'^rf . 
Proof 

Observe that l/a = e~'^^ so it satisfies the same semi-norm estimates as a. So by © there exists 
an M' such that all symbols a arising from some W G W(M, R) satisfies 

\a\,\f3\<4n+8+k{n) |a|,|/3|<4n+8+fc(n) 

Lemma \'6M then gives an /iq > such that all quantizations Oph{a) : L'j ^ L'j are invertible as 
long as h < ho. Furthermore the norm of the inverse is bounded by 

\\0phia)-'\\L'i^q<2M' 
for all \6\ < 2. Moving on to b, observe that 

Ophib) = Ophia) + 2hOphi ^ ~ jt^^K '^^r^) 
Obviously, i^j|^e*^r« G 5° with 

for all W £ W{M,R). Therefore, by lemma OH] there exists a constant (WLOG) M' such that 

WOpHi^-^e^'^r^h.-.Ll < M' 

for ah h > 0, \6\ < 2 and W £ W{M,R). Choose ho > such that 2hoM'^ < i and a simple 
argument involving Neumann series shows that Oph{b) is invertible from with norm 

\\Ophib)-^\\L2^L^<AM' 
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for all h<ho and \6\ < 2. □ 

We conclude this subsection by introducing two other operators which will be key in the construction 
of CGO. Consider the symbol 

h^+^{2e'^[{^ + /i) • wVxih^x)]} + /i2-2-{/i2-[A^a + 2W^ ■ D^a]} 

Due to estimate and the fact that the w{x,(,) = for |^| > 1, if we take e = min{9, 1 — 2a} this 
symbol can be written as /i^+'^rg with ro G and < x > £ S^. It can easily be checked from 
the definition that p^^/^iK x > ro) < Ca,(3,RMe^ for ah W G >V(i?,M). Therefore, by lemma El 
this implies that 

\\Oph{ro)\\L2_,L'i^ <CMe^forall \6\ < 2 (10) 

o o + 1 

Now consider the operator T and its inverse 



By jU] they can be written as 



T = I + 2W^- D^A-^ - h-^+'Oph{ro)A-^A-^ 



= 1 - 2W^ • Dt;AA-^B-^ + h-^+'Oph{ro)A-^B-^ 

It is now easy to see by analyzing the operators term by term that they are both bounded operators 
from L^_^_i -^1+1 with norm depending only on M. For example, lets take 

2Wi ■ D^AA-'B-' : Lj_,, ^ Lj^, 

By lemma UTTl the operator B^^ : L'j^^ ^5+1 with norm CMe^ . Classical results for the A^^ 
operator shows that A^^ : L^j^^ with norm less than C|C|~"'^ with C depending only on 

5 and the dimension. Lemma 13.51 combined with inequality © shows that A : — > -ffj|^|_i 

with norm CMe^^ . Since is compactly supported with support independent of C,, W'^ ■ Z)^ : 
Lj_^i with norm less than M\C\. So we see that 2W^ • D(;AA~^B~^ : Lj^^ Lj^-^ with 
norm at most CMe^ with C depending on dimension and 6 only. The rest of the terms can be 
handled in a similar way to give that 



||T||r2 ^r2 < C M C^' \\T'^\\t^ ^T^ < C M 6^ (11) 

for -1 < 5 < 0. 



4.2 Invertibility of the {IAc_ + 2W ■ + q) Operator 

In this section we prove the following theorem which plays a critical role in the construction of 
CGO solutions 

Proposition 4.2 Fix S G (—1,0). For all M > 0, R> there exists an C > and ho > such 
that for all W G >V(M, R), q G Q(M, R), and f G Lj^^ the equation 

(A^ + 2W-D^+q)u = f 

has a unique solution u G for all C G C" satisfying ^ • C = and \C\ > Furthermore the 
following estimates holds for u with constants depending only on M and R but not on the choice of 
{W,q) G WiM,R) X Q{M,R): 

MHi<C\\f^^JC\'-' [0,2] 
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Proof 

As in ^ we seek solutions in the form of u = A'^^v. Following [H] we see that v satisfies 

(/ + h-^+'Oph{ro)A-^A-^T-^ + 2W^ ■ D^A'^T-^ + qA^^T-^)Tv = f 
First we will show the invertibility of the operator 

(/ + h-^+'Oph{ro)A-^A-^T-^ + 2W^ ■ Df^A-^T-^ + qA-^T-^) 
from L'g_^_^ — > L'j^^. By l\W\i . (fTT|) . and lemma im there exists an /iq > such that for all h < ho, 

\\h-'+'Oph{ro)A-'A-^T-^\\L2^^__,L2^^ < Ch^ 

with C depending only on M. To obtain the same result for ■ Di^A^^T'^, we observe that 

W £ W^i'P(5/j;M") ^ C7°'^-"/P(Sij;R") with norm ||W^||co.i-n/p(B^.Kn) < C\\W\\wi,PiBn;U-) so 
that ||T^''||l- < CM/ii-"/P. Therefore 

The next term can be handled easily by using the same analysis and the fact that supp{q) C Bji. 
So by a Neumann series argument we see that there exists an /ii > such that for all h < hi the 
operator 

(/ + h-^+'Oph{ro)A-^A-^T~^ + 2W^ ■ D^A'^T-^ + qA-^T-^) 

is invertible from ^5+1 with norm of inverse less than 2. Due to T is invertible with 

norm of the inverse bounded by a constant depending only on M. Therefore we can write 

V = T-\l + h-^+'Oph{ro)A-^A-^T-^ + 2W^ ■ D^A'^T-^ + qA-^T-^)-^f 
with the estimate ||f H^a < C||/||^2 . The result now follows by writing u = A7^v and use the 

(5 + 1 (5 + 1 ^ 

estimate we have for the operator A^^.D 
4.3 Proof of Proposition fOI 

We prove theorem 14.11 in this subsection. The proof is identical to that which appeared in [2] 
and 8 except that we have to check that the decay of the remainder term is uniform for all 
{W, q) E W{M, R) X Q{M, R). Plug u = e*^-^(e*'^'' + r) into Hw,qU we see that r{x, |C|) satisfies 

(Af + 2W-D^ + G)r = -f (12) 

where G = + D ■ W + q £ L°° and 

/ = (A(^ + 2VF • Z)(^ + G)e*^ici'^" = e^'^ici'^" [ix\<:\^^^ + 2i^X|c| " Dip^ + i^^Ax\^\ 

(X|c|Vv9« + (^«Vx|c|)' + 2C • (Vxici)v'" + 2C • (Vv5tt)x|c| 
+2W ■ (Vx|c|)v^' + 2W ■ (V(^»)x|c| +2W^ -C + ^W^ -C + G] 

By the choice of ip'^ it solves the transport equation 

2C • Vip^ + 2W^ • C = 
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Since for ( large W'^ = xc^" the above relation removes the two terms that is of order |^| from /. 
So in terms of L^^^ norms this is 



11/11 < C[\\ixic\A^H\ + llVxici • V<^«|| + \\^^Axic\\\ + IIIX|c|V¥P»ni + lllv'^VxiciPlI (13) 

+ |CI'"'ll9^«Vx(x|cr')|| + \\W- {Vx\c\)A\ + \\w- (.Vv%c\\\ 

+ IC|||^'|| + I|G||] 

Every term except for |C|||1^^|| in the above expression are of order C|C|^~'^ for some e > by 
our choice of 5, a, 9 and lemma 12.11 (see for details) . Assuming without loss of generality that 
e < 1 — n/p, Sobolev embedding gives W G Cc''^{Bji) with ||VF||cO'=(Bj{) ^ So by property of 
the mollifier we have that ||T^''||r2 < C|(^|~^^ with C depending only on M and R. Therefore we 
conclude that 

for some e > 0. Apply lemma to the operator (A^^ + 2W ■ Z)^ + G) gives a C > and /iq > 
such that for all |C| > l//io and C • C = equation ifT^ has a unique solution satisfying 

\\r\\Hl<C\Ct', te[0,2] 

and the proof is complete. □ 

PART II - Full Data Estimate 

5 Estimate for the Magnetic Field 

We wish to derive log- type estimates for the curl of the difference of the magnetic potential Wi — W2 ■ 
The main result of this section is 

Theorem 5.1 Let Q be a bounded open subset o/M" with smooth boundary. For all M > 0, there 
exists a C > 0, e > such that the estimate 

\\Ind{Wi -W2)\\H-^R^) < C{\\Aw^,gi -AH/2,g2||y^ + \log\\Awr,qr - Awimh 

2 ' 2 2 ' 2 

holds for all VFi, VF2 G W^'°°(r2) and qi,q2 £ L°°{U) satisfying ||Wi||vi/i,°°(c) < M, \\qi\\L°^(n) < ^ 
(I = 1,2) and Wi = W2 on dQ. Here /q(x) is the indicator function of Q. 

Before we proceed with the proof of theorem 15.11 we will see that the Wi \dn= W2 \dn condition 
can be slightly relaxed provided we assume more regularity about the magnetic potentials. The 
only reason we need to make the additional assumption is to ensure that the gauge transformation 
one needs to do to reduce to the case of theorem 15. II has sufficient regularity. Sharper results with 
less a-priori assumptions are possible but the technical details would obscure the main points of 
this exposition. 

Corollary 5.2 Let Q be a bounded open subset o/M" with smooth boundary. For all M > 0, there 
exists a C > 0, e > such that the estimate 

\\Lnd{Wi -W2)\\h-^r") < C{\\Awugi - ^WimW^i"^^ + \log\\Aw,,q, - Aw2,q2\\i 

2 ' 2 2 ' 2 

holds for all Wi,W2 G W^'°°(0) and qi,q2 £ L°°(0) satisfying \\Wi\\w2,^(^q) < M, \\qi\\L°^(^n) < ^ 
(I = 1,2) and Wi \d= W2 \d on dQ. Here /n(x) is the indicator function ofVL. 
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Proof 

Suppose the statement is proven in the case when Wi = W2 on dVt. Then for arbitrary Wi, W2 such 
that Wi \d= W2 \d and || VF/||H/2,oo(f^) < M, one can construct potentials pi,P2 G W'^'°° (0,) D Hq{^}) 
satisfying 

< CM, ^ = -Wi \n 

where C depends on J7 only. Then \\Wi + Vpi\\iYi,oc(^Q-^ < CM with 

Wi + Vpi = W2 + Vp2 on dQ 

Apply theorem 15. II and use the gauge invariance property of both the DN map and the d operator 
we get 

\\Ind{Wi-W2)\\H~HB.-) = ||M(VFi-Vpi)-(VF2-Vp2))|b-i(R") 

1/2 

2 ' 2 2 

1/2 — e 

2 ' 2 2 ' 2 

□ 



5.1 Extending Vector Fields to a Larger Domain 

First we need to prove a technical lemma about extending a W^'^{Q) vector field to a slightly 
larger domain 

Lemma 5.3 Let U CC U. Suppose u € W^'P{n), u' G and u = u' on dQ. Then the 

function defined by 



zs m and 



/ 9ju{x) X £ Q ^ 

'^^'"'^[d.u'ix) xen\nj 

Furthermore, ||f/||t^i,p(Q) = ||u|| vi/i.p(n) + II^'IIh/lp 

Proof Integrate by parts and check that the definition of weak derivative holds. □ 

Lemma 5.4 Let Q be a bounded domain in that is compactly contained in ^l. Suppose Wi, W2 € 
W^'°°{^}) such that for I = 1,2 || ^ ^ ^'^'^ ^1 = ^2 on 957. T/ien there exists 



extentions Wi,W2 G Wc''^{^) such that 



and Wi = W2 on Q\Q.. Here the constant depends only on and Q but not on M. 
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Proof 

By standard extention theorem, there exists a W^i G TVc^'°°(0) such that || Wi||,^i,oo^^^ < C||VFi||^yi.oo(Q). 



For W2 we define 

W2 



Since Wi = W2 on 50, by lemma Ol we have W2 G Wc'°^{n) with || 1^211 wi.oofm < CM and 



ajTy2 X G J] ^ 

djWi X G 1^\J1J 

Therefore we have that W2 G and || W2||^yi,oo((2) < CMD 

5.2 Proof of Theorem [O 

Fix j, /c G {l...n|. For all ^ such that 7^ or 7^ 0, define 7 := 
Choose 7 _L 7, 7 _L ^, I7I = 1 and define ^ = j + ij. For each s > |^| let 

Ci(s) = Ci = -is^ + gi^, sh + C 

(2(3) = (2 = is^ + g{^, s)7 - C 

where g{^,,s) = s"^ — \^\'^. Note that C,i{s) can be written as C,i{s) = (— l)'is7 + 57^ (/ = 1,2) 
provided we take 

/ 5(^,5)7 + C / 5(^,5)7-^ 

7i = , 72 = 

s s 

Let (To > and 6* > be chosen so that < cjo < ctq + 6* < 4;^- Given any Wi,W2 G 
such that Wi = W2 on 90 and 00(^2) < M, extend them to compactly supported vector 

fields Wi,W2 G Wc^'^(0;M") as described in lemma 1^711 of the previous section. Therefore, there 
exists an M' > and R> such that Wi G W{M',R) whenever ||VFi||vi/i'°°(f7) < Proposition 
14.11 then gives a C > 0, /iq > 0, and < e < cro(l — such that for all > there exists 
solutions ui{x, Q) to H^^^ ^ui = in M" that are of the form: 

ui{xXi) = e^^'-^(e*'^lcH'^? +rKx,0)) lln(-,0)llm < ^101*"^ * e [0,2] - 1< <5 < 

o 

. _7[+M)^ f wl{x-iiyi-{-l)'^y2) 
where = x(a^/lC/n and VF/ = / x{y\CiV'')Wi{x - y)dy 

Note here that C, /iq, and e depend on dimension, Q, 0, ctq and M only but not on the choice of 
{^hQi) as long as ^ ^ and ||g/||Loo < M. All constants in this section will have only 

the aforementioned dependence. In fact, the only reason we need the a-priori bound to be on the 
W^'°°{Q.) norm is so that the extention Wi would have L°°{W^) divergence which is required for the 
construction of CGO by proposition 14.11 After the solutions have been constructed we only need 
the a-priori estimate to be in the VK^'^(r2) norm for p > n. To demonstrate this fact we will only 
work with this norm in the proof below. 
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Lemma 5.5 Let ui be the solutions constructed above. For all s > l//io such that Xsi^) = 1 for 
all X £ il. we have 

[ iWi-W2)-iuiVu2-U2'^ui)dx = -i [ e^('^?-'^2)e2^«-^(Wi-W2)-(C2 + Ci) + /i(2;,s) + /2(x,s)da; 
Jn Jn 



with + ||/2(a:,s)||Li(n) < C. 

Proof 

For all X £ Q direct calculation gives 

U2VU1 = (^ie2^«-^e^(^?-^") + Cie2*«-^{ri(x, s)e^^" + f2{x, s)e^^"i + nfa} 

+ e2^«-^{e^(^"i-'?")V(^5 + ie*^"if2Vv?f + e'^^Wri + f2Vri} (14) 
= Cie^'^'V^^""^") +ri +r2 

where 

Ti := Cie2^«-"{ri(x, s)e^'^' + f2(x, s)e'^'^ + rif2} 
T2 := e2^«-^{e*(^?-^2)v995 + ie^^?f2V¥5| + e-^^'Vri + f2Vri} 
Use lemma OTTl and the fact that {I = 1, 2) is compactly supported in 

W^lh^^n) < C\\WI\\^^^^^ < CM 

Use the fact that ||n||^2 < Cs~'^, one easily shows that < Cs^^''. The next term T2 can 

be handled in a similar fashion. The only problematic part of T2 are the terms involving Vip\. But 
by lemma ITT] we have 

\\4\\w^^^{n) < C||wf||vKi,-{Q) < Cs'^ll^f IIl-(q) < C^''1l^fllH/i.P(Q) < CM's'^^^ < CM's'-' 

the last inequality comes from the fact that ctq < 4„l)_g and e<o"o(l — ^). So arguing term by term 
in T2 we get that 1 1 72 1 1/^1(^2) < Cs"^"*^. Combining these observations into (fTHl we get that 

[ {Wi - W2) ■ U2Vui = [{Wi- W2) ■ C,e2*«-"e'('^5-'?2) + f n + [ T2 
Jq Jn Jn Jn 

with the L^{n) norm of Ti,T2 controlled by Cs^ ^. Of course, similar calculation holds for the 
uiVn2 and the proof is complete. □ 

Lemma 5.6 

/ {Wi - W2) ■ (C2 + Ci)e^('^i-^2)e2i€-x^^ = _ f (^Wi- W2) ■ 2sfie^'^-''dx + G{^, s) 
Jn Jn 

with |G(e, s)\<C\s- s)\ + s^-' + s|7 - 
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Proof 

By the definition of Ci , C2 we can write 



{Wi - W2) ■ (C2 + Ci)e*(^*-^2)e2if ^ _ {Wi- W2) ■ 2s/Ze^('^i-^2)g2iC.x^^ 



Wi-W2)- (C2 + Cije'^^* 

+ I {Wi- W2) ■ 2s//(e*(^i-'^2) _ ^i{^\-'^l)y2ii-x^^ 



Jo. 
in 



:= Ti + + Tg + r4 (15) 

where V'l ^fi^{~P- " W^i)) V'2 := ^/7^(~A* ' ^2) and "015 V'2 defined the same way with W"^" 
replacing Wi. A simple calculation shows that ipi{x) — 'ip2{x) = N^^{—p, ■ {Wi — W2))- Recall that 
Wi = W2 on M"\0, so by lemma ITHl 

Ti = - / {Wi-W2)-2sfle''^^'-'^^^e'^'^-''dx = - [ - ^"2) •2s/Ze2*^-^ = - / (Wi- W2)-2s/Ze^^^-^ 

Now it remains to estimate the three other terms. Applying lemma [T^ 12.41 and l2.1l to T2, T-^ and 
T4 respectively, and use the fact that VKc'^(fi) C^'^ {^) for p > n we get that 

IT2I < csimw^o,-^^^^ + iiH^2ii^o.-.(,p.--(^-?) < cs'-^ 

|T3|<C.(||^i||^o,i-t(^) + ir2||^o,i-t(^))l7 ; 1 ^<C.|7 ^ 1 ^ 

IT4I <C7s(||W^i|| n,_..,^ +IIVF2II n,_..,^J|l-^^| ^ ^^^'""^i 



Substitute the identity for Ti into equation (|15j) and set G(^, s) := T2 + T3 + T4 we get the desired 
result. □ 

Proof of Theorem 15.11 

By any solution ui of Hwi^qiUi = satisfies the following identity 

i (Wi- W2) • (uiVn2 - U2Vni) + (Wf - Wi)uiU2 + (gi - 92)^1^22 (16) 

U2{Aw2,q2 - ^Wi,qi)ui 



'an 

Combining the result of lemmas 15.61 and 15.51 into this equation we get that 

2s [ fl-{Wi-W2)e^'^-'' = [ U2(Aw„q, - Aw2,g2hi (17) 
Jn Jan 

+ / {W^ - wi + q2- qi)u2Ui + fi{x, s) + ^(x, s)dx + G{^, s) 
Jn 

where /i, /2, and G(.^,s) are as in lemma and 1^31 Observe that if we set 

D := sup{\x\ \ X G Q} 
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then 11^; ||/fi(f7) < Ce^* for s large. Furthermore, the L^{Q) norm of |u2^ii| is uniformly bounded 
independent of s and ^. Apply lemma 15.51 and lemma 15. HI we conclude the following estimate for 
all ^eW, s> ^ such that + > and |^| < s: 

\ [ fl.{Wi-W2)e'"^-''\ < C(e^1|Aiy„,, -Ah/,,,,||i ^ + + 

JQ 2' 2 S 

s 



Here we used the inequality \/l — t > 1 — t for t G [0, 1] . By the exact same method as above we 
can obtain the estimate for — /i in place of fl to get 

Jn 2' 2 s 

Recall that u = 7 + ^7 with 7 = iK^ - Multiplying both estimates by l^jCk — ^kSjl then add 
them together we get that: 

I / e2*«-{e,(VFi - W2)k - Ck{W, - W2)j}\ < C|e|(e^1|A^„,, - Aw,,,,h- - + (^)i-"/^ + s-^)(18) 
Jn 2' 2 s 

Recall that since {Wi — W2) = on dO., we can extend {Wi — W2) to a H^iW-) vector field by 
defining it to be zero outside of and we will refer to the extention as Iq,{Wi — W2)- With this 
extention we have that d{I^{Wi — W2)) is an Lp'iW^) function supported only in and 

d{In{Wi - W2)) = Ind{Wi - W2) 

as L^(M"') functions. Therefore, (HHJ implies that for ah G satisfying + |^fc| > and s > 
such that 1^1 < s, the following inequality holds for the Fourier transform of each component of 
Ind{Wi - W2) 

\T{In{dj{Wi - W2)k - dk{Wi - H^2)i))(2e)| < C\i\{e'''\\kw,,q, - AH/^.g^lli,^ + + s"^) 

By the fact that both the right and left side are continuous, the estimate holds for all ^ such that 
1^1 < s. Since this is true for all components of the 2-form I^diWi — W2) we have that for any 



J\£\<R 1 + 141 J\i 



di 



2'~ /t^ 

Here || • H/^-i denotes the norm on H^^{W''), the dual space of H^{W'') and the last inequality 
comes from our a-priori assumption on the W^'^{^1) norm of Wi. Recall however that the above 
statement is only valid for s large enough to guarantee CGO solutions. Namely, the inequality 
holds only when s > ^ where /iq > depends only on 17 and M. But since the estimate is trivial 
in the case when 

||Aiyi,gi - Aiy2,g2||i^^ > mm{l,e"2^/^o} 
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(just take the constant large enough and use the a-priori assumptions on Wi), we may assume 
without loss of generality that HAvy^^gi "^^2,92 111 ^ < min{l, e"^^/'^"}. With this assumption we 

may choose R" = s™"{^.i-"/p} and s = -^°3\\^^i^n-^w2,,2\\ ^nd we obtain that 

C 

\\IndiWi-W2)\\jj-i <Tr^^ J u R + CIIAvyi.gi -AH^2,g2lU ^ 

\log\\AwT^,qi - Aw2,q2\\^^^\ 2^ 

for some e > 0, C > depending on M and 17. □ 

Note here that we have obtained an estimate for the H^^{W^) norm of lQd{Wi — W2) and not 
just the H~^{Q) norm of d{Wi — VF2). For clarity, we will refer to the dual space of Hq(Q) as 
and the dual space to H^{Q) as In general, the H^{Q)* norm is larger than the 

H^^(i^) norm. It is easily seen from the estimate which we derived in theorem 15.11 and corollary 
15.21 that in both cases we have 

||W-W^2)||^i(o). <7r-Tnr ^ ^ + C||Am/,,, - Ah/„,,|| 1 ^ (19) 
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This will be a key ingredient in proving the result of the next section. 



6 Estimates for the Electric Potential 

The goal of this section is to prove the following proposition: 

Theorem 6.1 Let 0, be a bounded open subset o/M" with smooth boundary. For all M > 0, there 
exists a C > 0, e > such that the estimate 

1/2 — e 

Ikl - 92||//-i(]R") < C'{||Awi,gi - ^W2m\\^^z^ + \^Og\\Awj,qi - ^W2,q2\\l,^\~^} 

holds for all Wi,W2 G H^^'°°(r2) and qi,q2 S L^{Q) satisfying ||W;||H/2,°°{n) < M, WqiWi^^n) < M 
(1 = 1,2) and Wi \d= W2 \d on dQ. 

The proof of theorem 16.11 involves using the stability result we already obtained for the magnetic 
field. In order to do this we first need to prove a lemma about the bounded invertibility of the 
operator d on the set of 1-forms. This of course, is not true in general since the operator always has 
a non-trivial null space. But we will see that it is indeed injective provided that we quotient out 
the exact forms. We will employ the following notations. We consider (0, dQ) to be a Riemanian 
manifold with boundary and denote by F^{Q) to be the the set of k-forms on and W^'"^F^{Q) 
to be its W^'P closure. Set 

£^{n) := {da I a G H})F^~\n)}, C^{n) := {da \ a e Hj^F^~\n)} 

where ^1,^^(0) and HI^F''{Q) are the set of k-forms with homogenous Dirichlet and Neumann 
boundary trace, respectively. Furthermore we denote by Tl^{Q,) to be the closure of the space 
of harmonic k-forms. The corresponding subspaces in WP'"^F^{Q) are denoted by 

W"''P£''{n) := £^{^) n W'^''PF''{n), W^^^C^i^) := C''{Q) n W"''PF''{n) 

and w"'^pn''{n) := W'=(17) n W'^'PF^'in) 

We will identify the space of 1-forms W"^''pF^{^) with the space of vector fields W^™'*'(r2; M") and 
the space of 0-forms W"'PF°(fi) with the space of functions W"''P{n;R). 
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Lemma 6.2 Suppose Q C M" is a bounded open set that is simply connected with connected bound- 
ary. For p > 2 and m G N\{0}, define the set of Dirichlet 1- forms (or vector fields) 

R") = {W £ W^^^iVL- M") | W{x) ■ t = yt £ T^dQ, x £ dfl} 

and 

Then the differential d : Xq W^'^^^'^£'^{Q) has a bounded inverse. 
Proof 

Since d : VF™'^-F'^(r2) — > W"^~^'''^F^^^{^1) is a continuous linear operator we will use uniform 
boundedness principle to assert the existence of a bounded inverse. Since by ^Oj, W"^'PC^{il), 
W'^'PH^in), and W^'P{n;W) are all closed subspaces of VV^^PF^iQ), it is clear that Xo is a 
closed subspace of W"^'PF^{i}). Furthermore, W"^~^'P£'^{i}) is a closed subspace of W"^~^'PF'^{^}) 
so it suffices to check the bijectivity of d : Xq W"^~^'P£'^{^) for the uniform boundedness 
principle to apply. 

To see injectivity, suppose dW = for some W G Xq. By the fact that cohomology of Q is assumed 
to be trivial, this means that W = da for some a G W"^^^'P{Q;W). Since W has no tangential 
component and 50 is connected this means that a is a constant function along the boundary and 
we may take a € By definit ion this means that 

w G w'^'PS^n) := £\n) n w'^'PF^n) 

However, W £ Xq C W^'PC^iQ) © W^'PTC^in) which is perpendicular to W^^'PS^in) and thus 
W = 0. So this establishes injectivity. 

To show surjectivity, let to G W^-^^PS^iQ). Then by definition, u = dW for some W G ^^^'^(l^; M"). 
By the Hodge decomposition, we can decompose u = dW^i + 5(3^1 + ^o; with Wu; G VF^'^(r2; M"). 
Subtract the two expressions we have for to and use orthogonality again we see that 

dW^ = dW = L0 

We now have that lo is in the range of the d operator acting on W^'^{^}; M") but it is not clear 
that Wu; G Xq. This can be remedied by applying the Hodge decomposition to to produce 

W^-da = 67] + K with aGW^^^'P{n;R), Stj £ W"''PC\n), k £ VV^'Pn^n) (20) 

Since a G M), da has no tangential component along the boundary. This with 

G H^^'^(0;]R") shows that the LHS of ^ is in M*^). The RHS of ^ is clearly in 

W'^'PC^in) © W'^'Pn^iQ) so we conclude that - da £ Xq. We now have 

uj = dWuj = d{Wn — da) with Wn — da £ Xq 

So surjectivity is established and uniform boundedness principle applies to give a bounded inverse. □ 

We would like to apply this lemma directly to the vector field {Wi — W2) which may not be in Xq. 
So first we do the following manipulation. Pick p > pQ > n and apply the Hodge decomposition 
to Wi - W2 in the space W'^^p° to get Wi - W2 = 5(3 + da + k. By lemma 2.4.11 of 
dni, a G W^^P'^iVL) n Hl{VL) with norm ||a||vt'3,Po(f2) < C\\Wi - W2\\w^,vo {Q■^r^) < 2CM where 
the constant C depends on Q. and po only. Define W[ := Wi — ^ and •= W2 + ^ so 
that W[-W^£ W'^^P0C\n) © W^'Pm^in). since we have already assumed that Wi - W2 has no 
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tangential component at the boundary and a G Hq(Q), we conclude that W[ — W2 has no tangential 
component. This means that 

so by lemma E21 

\\Wi - T^sllw-i-oCQ) < C\\diWi - W^)h,oin) = C|| W - W2)||L^o(n) (21) 
Recall that due to gauge invariance, we have Awi,qi = ^VF/.gr 

Choose a bounded open set such that CC ^2. Let E be the extension operator mapping 
W^i'Po(Q) ^ Wc'^°{n) and W'^'P''{n) Wc'P°(fi) such that it is bounded in both norms (see 0). 
Denote by Wl := EW^ for (/ = 1,2). Note that the extention described here is different from the 
one we used in the previous section. For one thing we no longer have W[ = W2 in However, 
we still have that for each M > there exists an M' > and R > such that if ||W^||vF2'TO(r2) — ^ 
then W' G Wc'^^Q) with \\W'\\y^r2,po(^) < M'. 

In this setting pr op osition 14 . 1 1 applied to W[ gives a C > 0, (1 — ^)o'o > e > 0, and ho > such that 
if Ci £ C" satisfies Cr = 0, |C/| > I//10 then for all Wi, qi {I = 1, 2) satisfying ||Wz||^y2,po(n;R") < M 
and ||(7i||L°° < M there exists solutions to H^i^, = of the form 

nKx,0)=e*'^'"(e*^l^'l''"+n(x,C/)) ||r/(-,C)llm <C|Or-^ tG[0,2] -1<5<0 

We emphasize again that the constants C > 0, e > and /iq > depends as usual on the parameters 
and the a-priori bound M but not on the choice of {Wi, qi) that satisfies the a- priori assumption. 
Proof of Theorem 16.11 

We start again with identity except this time we will isolate the electric potential term on the 
LHS. Similar calculation to those done in lemma 1^31 shows that 

\\uiU2\\l^{Q.) < 11^1X7^2 llLi(n) + ll'"2Vui||ii(f^) < Cs 

Use these estimates and the fact that ||n(2;, s)||L2(f2) < Cs"*^ identity (jlbf) . becomes 

{qi - g2)e^«-^e^^5-^^" I < C{e^'''^\\Kw,,q, - ^w^mh-,^ + W[ - Wl^U^^^^s + s~') 

Here again we use the fact that when s is large the CGO solutions satisfy C)||//i(r2) < Ce'^^ 

where D := sup{\x\ \ x £ Q}. Apply Morrey's inequality to \\W[ — W2\\L°°(n) then use H21() we get 
that 

I / (gi-g2)e'«-V^"-'^^| < C{e^'''\\Aw„g,-Aw2,<i2h^ + \\d{Wi-W2)\\L.in)S + s-^) 

We want a Fourier transform to appear on the LHS. Therefore we replace J^iqi — g2)e*^'^e*'^i~*'^2 
/n(^i ~ ^2)e*^'^ to obtain 

1^(91 - q2m)\ < C(e2^^||Aiy„g, - Aw2,q2h-,^ + II W " ^2)||LPo(f7)S + s"^ 

+ IIV'i - </'2llL°°(n))(22) 

with all constants depending only on M. 

Now we would like to estimate the last term by \\Wl — W^||^yi,p. This can be done by writing 

119^1 - '^Ih^m < WA - i^ih^in) + \\A - V'2IIl°=(!^) + llV'i - i^lh-^in) (23) 
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By our extention, Wl S Wc'^'^{^) ^ C^(0). Therefore lemma shows that the first two terms 



are bounded by Cy (1 — y^l — ICP/'^^) with C depending only on the a-priori bound M. Due to 
lemma im the last term is bounded by 

Substitute this into H23|) and use Morrey inequality we get that 



1 - 






/ 


Vi- 




/ 




|^|2/s2 


■2,po 







lin we see that ||^^/''||/^oo(f2) vanishes like Cs~° 
C depending only on the a-priori bound M. Substitute this into the inequality (j22)) we get 



Recall that po and p satisfy the condition n < pQ < p so we can interpolate 

II W - ^2)|iLPo(n) < II W - H-2)|ii;(%|| w - W2)|ii2(^), A = 

and use our a-priori assumption about the W'^'^{Q) norm of Wi we get that 

l^('Zi - 92)(20l < C(e2^1|Aiy„,, - Aiy„..|| 1,- + II W - ^[^2)11^2(0)5 + O (24) 

For any / e if^(O), ||/|||2(f^) < 11/11^1(0) II /II Hi (n)* • Apply this to each component of the 2-form 
d{Wi — W2) and use our a-priori bound on ||VFi||vi/2,p(f2), H24() becomes 

\HQi-Q2m)\ < Cie^'^'WAw.^q^ - Aw2,,2h-,^ + \\d{Wi - W2)fJr^^yS + s-') 
So by estimate (fT^ we have 

1-^(^1-92) (26 1 < C(e2^^||A^,,,,-AM.,,g,||i ^ + 

^ 2' 2 

{\log\\Awi,qi - Avy2,g2lli ^T' + \\^Wi,qi - ^W2,q2\\i z±}^^'^s + s"')(25) 
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and this is valid for all s > -j^^ and s > \^\. Computing directly the H ^(M") norm of qi — q2 by 
using Fourier transform, 1)25^ implies that for i? > 0, s > max{R, ^} 

Ikl - 92||^-l < R^C ( e'^^'^\\Awi,q-L - Avi^j^qJI 1^-1 -I- 

c 

{\log\\Awi,qi - Aw2,q2\\^,qi\~^ + II^H/i,qi ~ A^^j^gjll i^-ij^/'^s + s~^) + 

Clearly, we can take e < 1 without loss of generality. Furthermore, as in the previous section 
we may assume that ||Aiyi,gi — Avy2,q2lU ^ ^ min{e '^o' ,1} since the quantity e ''o ' 
depends only on the a-priori bound M but not the chosen electric and magnetic potentials. Under 
these assumptions we may take = s"^/^ and s = j^\log\\Awi,qi — Aw2,q2\\l ^T'^^ ^ 'K^ ^-^id simple 
arithmetics establishes the lemma. □ 
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PART III- Partial Data Estimate 



7 Introduction 

We now move on to the third part of the paper which addresses the stability problem when DN 
map is known only on part of the boundary. The estimates will be of log log-type and will be 
weaker than the one established in the full data case. For each 7 G S""^ and eo > we define the 
front and back of the boundary dQ with respect to 7 by 

Using this notation with fixed eo > 0, we define for any magnetic potential W and electric potential 
q the partial DN map A'^^^ : H^^idfl) H'^/'^{dn_^2eo(.en)) by 

AW,,/ = i^w,J) Iaf2_.,,„(e„) V/ G H'/\dn) 
with the associated operator norm 

\\^W,q\\' ■= ^'^P{\\^W,qf\\Hy'2{dn_,2eo{en)) I ll/lli?3/2(an) = 1} 

Given two sets of electric and magnetic potentials {Wi,qi) and {W2,q2) we wish to estimate their 
difference in terms of ||AW^ — ^2 II'- More precisely, 

Theorem 7.1 Let fl be a bounded open subset o/R" with smooth boundary. For all M > 0, there 
exists a C > 0, X > such that the estimate 

\\Iad{Wi - W2)||l,-i(^„) < C{||AWi,,i - AW,,,,ir^ + |%l%l|AVi,,i - AW^.^^II'ir'} 

holds for all Wi,W2 G W'^'°°{U) and qi,q2 G L°°(J^) satisfying ||VF;||^i,oo(f2) < M, \\qi\\L'>o{n) < M 
(I = 1,2) and Wi = W2 on dil. Here Ici{x) is the indicator function ofQ,. 

Theorem 7.2 Let Q be a bounded open subset of with smooth boundary. For all M > 0, there 
exists a C > 0, X > such that the estimate 

WUqi - 92)f^,-i(Mn) < C{||AW„,, - A'w„q,t + \log\log\\A'w„q, - AW„,,irir^} 

holds for all Wi,W2 G and qi,q2 G satisfying || ||vi/i,cx>(q) < M, < M 

(I = 1,2) and Wi = W2 on dft. Here Ici{x) is the indicator function ofQ. 

We conclude the introduction with a geometric observation which will be useful later. If we denote 
by N{S) = {7 G S"'~^ I (^571-1(7, e„) < 6} to be a (^-neighbourhood around e„ on S""^ then for each 
cq > there exists a (5 > such that 

aJ^_,,„(7) C aO_,2.o(en), V7GiV(<5) 

A simple geometric argument shows that for each S > there exists a ri > such that if a G M, 6 > 
are real numbers satisfying \a\ < rib then € N{5) D span{e„, Cj}. With this fact as 

motivation we define for each _7 G {1, .., n — 1} the j- wedge by 

Ej ■= e R" I l^nl < riij} 

Our proof of stability will be in two steps. First we will prove stability of the Fourier transform 

only in the j-wedge. We will then use a stable analytic continuation result to obtain stability of 
the Fourier transform in a ball of arbitrary radius. With this strategy in mind we will proceed with 
the next section on some necessary estimates. 
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8 Preliminary Estimates 



In this section we state without proof two estimates which will be useful in deriving the partial 
data stability estimate. The proofs are given in the references. The first is a Caleman estimate 
which will allow us to bound the information we don't have on dQ+^^o by the information we do 
have on 9ri_^eo- We begin by first defining the notion of a limiting Carleman weight. 

Definition 8.1 A real smooth function on Vt is said to he a limiting Carleman weight if it has 
non-vanishing gradient on and satisfies 

< ^p"Vip, Vip> + < if"i, C >= when f = {Vipf and V(/? • ^ = 

We now state the estimate we will use. 

Proposition 8.1 Let Q., $7 he hounded open suhsets in i?" such that $7 CC $7 and ip be a C°° 

limiting Carleman weight on $7. For every M > 0, there exists a C > 0, ho > such that for all 
vector fields A on Cl and q G L°°(i7) satisfying nriax{\\A\\Qi(^Q^,\\q\\iaa(^Q-^) < M, the following 
estimate holds 

ip ip <p n r\ p Q p ip 

— h{du(pehdj^u\ ehdyu)QQ,_ + \\e'f^hVu\\ <Ch\\ehHA,qu\\ + h{dijipeh dvu\ e^ dyu)anj^ (26) 
for alio <h<ho and u G H'^{n) n i?o(17). 

We will apply this proposition in the case when the limiting Carleman weight is x-7 with 7 G N{5). 
The result will be the type of estimates on the difference of the Fourier transform that we have 
been seeing in part II. However, this time the estimate is only valid on a small wedge in phase space 
instead of an entire ball. To remedy this problem we follow the idea of Heck- Wang in |Sj and use 
a stable dependence result for analytic continuation established by Vessella to extend the estimate 
on the wedge to an estimate on the ball. 

Proposition 8.2 114}1 Let B2 denote the open hall of radius 2 centred around the origin and let E 
he an open subset set of Bi. If f is an analytic function with 

Ma\ 

Wf\\L-iB,)<^. VaGN" 

for some M, a > then 

\\fh^(B.)<{2Mr<^(™^H\\fU^^^^ 
where 9 £ (0, 1) depends on p and n. 

We will see later that the neccesity of this estimate is what contributes to the log log rate of 
convergence for the partial data as oppose to the /og-type stability we have for the full data 
problem. I would be interesting to see whether one can refine such an estimate and consequently 
derive a Zog-type estimate for the partial data problem. 

9 Partial Data Estimate for the Magnetic Field 

We prove theorem 17.11 in this section. We begin again with a discussion of (CGO) solutions. Note 
that this time we are only allowed to consider phase variables ^ in the wedge Ej. This is due to 
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the fact that we need 7 G N{5) for the estimate in proposition 18. II to apply. 

For all ^ G Ej (j = 1, ..n - 1) such that / 0, define 7 := if^llZf^J. ^ G Here and 5 are 

chosen as in the introduction of Part II. 

Choose 7 _L 7, 7 _L ^, I7I = 1 and define ^ = j + ij. For each s > |^| let 

Ci(s) = Ci = -^S7 + gi^, ■5)7 + ^ 

C2(s) = C2 = «S7 + s)7 - C 

where g{£,,s) = — j^p. Note that can be written as = (— l)'is7 + {I = 1,2) 

provided we take 

/ 5(^,5)7 + C / 5(C,s)7-C 

7i = , 72 = 

s s 

Let iTo > and > be chosen so that < do < + < 4;^. Given any Wi,W2 £ W^'°°{0,) such 
that 14/^1 = W2 on and 00(^2) < M, extend them to compactly supported vector fields 

Wi,W2 G Wi'^(j7;M") as described in lemma E31 Therefore, there exists an M' > and R > 
such that Wi G W{M',R) whenever ||VFi|lvFi'°°(f7) < M. PropositionlOthen gives a C > 0, /iq > 0, 
and 0<e<fJo(l — ^) such that for all > there exists solutions Ui{x, Q) to H^^^ ^ui = in 
M" that are of the form: 

uiixXi) = e<'-^(e^^icn'^? +rKx,0)) lln(-,0)llm < C\Cit' t G [0,2] - 1< 5 < 

o 

7;' + (-iyi7 f Wl{x-j[yi-{-iyjy2) 
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where X|cd = x{x/\Qi\^) and = / \Ci\^''''x{y\CiV')Wi{x - y)dy 

Note here that C, /iq, and e depend on dimension, J7, 9, o"o and M only but not on the choice of 
iWi,qi) as long as || VF/||iyi,cx)(Q) < M and < M. All constants in this section will have only 

the aforementioned dependence. 



9.1 Stability of Fourier Transform in a Cone 

In this section we derive an estimate for the Fourier transform J^{dj{Wi — W2)n — dn{Wi — W2)j){C) 
in the wedge ^ £ Ej. The main proposition is 

Lemma 9.1 The following estimate holds for all ^ G Ej such that |^| < s 

I / e^'^-''{i,{Wi-W2)n-UWi-W2)j}dA 
Jn 

< ciei(e^iiAW„,, - A'w,,J' + (Vi-Vi-iePA^)'"" + s-'^/') 

Proof 

For each £ G Ej let 7 := ^j^" ^"^j g N(S) and mi,M2 be the CGO solutions considered at the 
beginning of the section. We start with equation H17|) 

2s [ j2-{W,-W2)e^'^-'' = [ U2{hw,,q,-^w,,<i2)ui (27) 

+ / {Wl - wi + q2- qi)u2Ui + fi{x, s) + /2(x, s)(ix + G(e, s) 
Jn 
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where /i, /2, and s) are as in lemma and 1^31 From the estimates in these two lemmas we 
deduce that 

I / {W? - Wi + q2- qi)u2Ui + /i(x, s) + ^(x, s)dx + G{C, s)\ 
Jn 



< + Vl-|?IW'"") (28) 

Denote by vi to be the solution of Hyy^^q^vi = in and = ui on 317. Then the first term of l|17jl 
can be written as 

Jan Jdn-,,g{^) Jdn+,,g{^) 

< e'''l|AWi,,,-AW„,.ir + l / ^2dM (29) 

where D := | x G $7} and v := vi — V2. The particular form of U2 now gives 



L 



U2duv\ = I / e-'«2-"(e-'^2 +f2)a,?;| 



< We-'^^-^ +f2\\L^an)¥~"^duv\\L\dn+,,^m (30) 

_._tt _ 

Due to lemma 12711 and the standard theory of the restriction operator, the ||e *'^2 + f2\\L^{dQ.) term 
in (|5n|l satisfies the estimate 

_■ -i _ 

||e *'^2 +r2\\L2[dn) <C + ||r2||^i-./4(5j^) < C(l + \\xnr2\\m/2+,/A(^^r^)) 

where xrJ is a compactly supported smooth function that is identically one on 17. Since xo. is 
compactly supported, we have for all —1 < 5 < 0, 

||Xn^2||/fl/2+./4(]g„) < C||xn^2||^l/2+./4(]g„^ < C||f2||^l/2+./4^^„^ 

where the constant depends only on Vt and 5. These facts combined with proposition 14. II then gives 
the estimate 

||e-*^^ + f2\\man) < C{1 + (31) 

Moving on to the ||e~*^Oi^f ||2,2(gQ^ <^o^i)) term in (|5n|) we observe that proposition l8.1l with Carleman 
weight (—7 • x) and operator -ffvK2,g2 applied to v gives 



r,^ I w2 w2^„,^ ||2 

HO) 



+s-i||e-"^-^(V • (PFi - W2) + gi - 92 + - Wl)uxfi^2, 



< c(.+.-i + iiAW„,,-AW2,,jrv^'') 

for s >> D. Combining the above with pif) and substitute the result into inequality pUf) we get 

I [ U2duv\ < C{1 + s-^ + s'-^'/^ + IIA'v^^ - A'v^^ .^ll'e^^) 
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using the above inequality combined with ()28() and ()29() we can derive the following estimate from 
identity ^ 

J 

Observe that since Im{—fi) = Im{p) = (—7), the same Carleman weight applies to give the same 
estimate for — /i in place of Ji 

I _^ . iw, - W2)e^'^-^\ < C(||AW„,, - AW^^JI'e^^ + s-'^'^ + (^1 - y^l - |e| V^"^)'"^) 

Add the two estimates together and multiply by \£,jen — ^nCjl we have the desired estimate. □ 
We have established stability on the wedge Ej for the Fourier transform of the component 
dj{Wi — W2)n — dn{Wi — W2)j of the curl. However we still have not established this estimate for 
the (j, k) component when neither one of them is equal to n. But we will see in the next corollary 
that this follows immediately from lemma 19.11 - provided we take smaller sets than the ones we 
originally considered. We define the subset Ej of Ej by 

Ej :={^eE,\^n> n/2Cj} 



Corollary 9.2 The following estimate holds for all ^ £ Ej H E^ such that \^\ < s 

I / e^'^-^{ij{Wi-W2)k-ik{Wi-W2)j]dx\ 
Jn 

Proof 

By lemma 19.11 we have for all ^ in Ej f] Ek 

I / e2^€-{e,(VFi - W2)n - UWi - W2)j]dx\ 
Jn 

< ciei(e^^iiAW„,, - A'wu,J' + {^Ji-vi-\e/^)'~^ + s-''/') 

multiply this inequality by 1 1^ | and use the definition of Ef^ we have 
Jn ?n 

< ^|e|(e^1|AW„,, - A'w,,J\' + i^l - Vl - iCWs^)'-^ + s-'^/') 
Switching the role of j and k we have the following estimate: 

JO ?n. 

Add the two inequalities and we get the desired estimate. □ 
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9.2 Proof of Theorem O 

We first apply the result of Vessella to extend the estimate we have in a small wedge to an estimate 
on the entire ball of radius R < s. Define fai^) := J^{dj{Wi - W2)k - dk{Wi - W2)j){R0- Note 
that is analytic in B2 and satisfies the estimate 

^ ^^^^^ 

where D := sup{\x\ | x G il} and M is the a-priori upper bound we have for the norm of 

Wi and W2 ■ Proposition 18.21 applies with E = Ej f] Ej. Ci Bi to give the estimate 

Here A G (0, 1) depends only on ri, 17 and the dimension. By the fact that Ej D E^ is a cone, we 
may apply corollarv 19.21 to obtain 

WfRh^iE) = \\Hdj{Wl-W2)k-dk{Wi-W2)j)\\Lo.^B,nE,nE,) 



as long as s > R. Combining the two inequalities and use the definition of fji we have 

WHdjiWi - W2)k - dkiWi - W^2)j)||l-(b«) < Ci?^e"^(i-^) x (32) 

I 1-- 

/ P2 P 



for all i? > and s > ■max{R, I//10}. Here we used the fact that R < s and for t G [0, 1] we have the 
inequality \/l — t > 1 — t. With this estimate established for each component of J^{d(Wi — W2)), 
we now compute the H~^{W^) norm of d(Wi — W2) 

\m - W2)\\,-.,^.,- j^^ "^^Us, TTi^ 

< C(i?2A+ne2(l-A)niJ(g2Ds||^/^^^^^ _ A'^^J\'2 + (^2/^2). ^ ^-3./2)A ^ ^-2) (33) 

here we have assumed without loss of generality that e < 1—n/p. We now choose s = R^R^^e 
so that 



2^nR 



for some K > depending only on 17, e, and A. Substitute the above inequality into we get 

\m - ^^2)||^-i(M.) < C((e^""||AW,,, - AW.,,. II" + e-(i-^)«)^ + R-') 

and we are free to choose R> 0. Assume without loss of generality that ||A'^^ — A'^^ ^^H' < 
and set R = -^log{logTr^ ^ rp-) the proof is complete. □ 

" Wl,qi W2,q2" 
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10 Stability for Electric Potential 



In this section we give a sketch of the proof of theorem l7.2l We will omit the details since the proof 
is simply a combination of techniques employed in the proof of theorem 17. II and theorem l6.11 First 
we replace the magnetic potential Wi by W[ as in the proof of the full data stability and observe 
that A'p^, = A'yy^ . Define ui , U2 and v as in proof of lemma 19.11 Following the same steps as in 

proof of theorem I6.H we have that for all ^ G Uj=i such that |^| < i? 

+ [ \u2d,v\) (34) 

i9Q+,.o{7)(7) 

As in the proof of lemma 19.11 

/ < C{1 + 5^-=^^/')||e-^^a,HlL2(9Q+..„(7)) (35) 

Apply Carleman estimate to the second term on the RHS of 1)35^ we have 



< s-\\\Wi - W^\\L^^n)s' + C) + ||AV„g, - A'w„gj"e"''' 

< s-\\\Wi - W^\\L^^n)s' + C) + ||AV,,,, - A'w,,j"e'''' 

< s~'cmWi - W2)\\HHnrs' + 1) + IIA'm,,, " ^m,gTe"''' (36) 

where the last inequality comes from applying lemma 16.21 to W[ — W2 then use interpolation 
inequalities. Combining H36() . 1)35^ . and (|34() we have the following estimate for the Fourier transform 
of (gi - q2) in the wedge £ Uj=i 



IHqi - Q2)m\ < C(e2^1|AW„,, - A'w,,J' + s'^^'^ + \\d{W, - ^2)11^/'^),^') 
Theorem 17. II applies to give 

\Hai - q2m)\ < c(e2^iiAW„,, - Aw,,,ir + s-^^/' 

+(I|AW.,. - ^w.,J' + |/o,(|/o5||AV,,,-A'^^,^jn)|)'^'^') 



for all ^ G U?=i ^j- theorem now follows from proposition 18.21 and standard computation. □ 
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